INTRODUCTION
In nuclear power plants but also chemical plants unanchored components can cause unacceptable damage in the case of an earthquake (but also of a blast wave or a plane crash). This applies also if the components such as e.g. storage casks are designed for the loads from overturning or hitting. To avoid damage it must be demonstrated that under these loads no overturning or impermissible slipping of unanchored components occurs. Therefore, in this paper the behaviour of unanchored components excited by earthquakes will be analysed. In principle it is the dynamic of a rigid, elastic or plastic body on a rigid, elastic or plastic foundation. The mechanical problem for a rigid body looks simple at the first sight, but becomes difficult due to the impacts. In literature the question of rocking or tilting oscillations of a rigid body has been found to be of great interest, so that there are a large number of publications on the subject. In this context the fundamental works [1] to [7] and further studies [8] to [22] should be mentioned. Based on these works, the dynamics of unanchored bodies, especially for the rocking and sliding of a rigid body under various conditions, will be analysed analytically and numerically by numerical integration of the equations of motion and using the Finite Element Method. Especially the influence of the supporting flexibilities, the material properties of the base, the contact conditions, slight deviations from the ideal geometry and the kind of excitation on the motion of the body will be investigated. In contrast to most other studies more compact bodies are considered. The suitability of an implicit Finite Element Method for such studies will be investigated. Additionally, it is shown, how rocking and sliding are treated in the nuclear and non-nuclear rules.
THEORY OF ROCKING AND SLIDING MOTION
A rigid body (block) in a plane subjected to an earthquake excitation can perform the following kinds of motions: Rest, rotation (rocking), sliding, sliding rotation, translation and rotation jump [2] . A plane model to describe the rotation or rocking motion of a rigid body (on a rigid base) is shown in Figure 1 , where CG denotes the centre of gravity of the body. The symbols are explained in Table 1 . Assuming that the coefficient of friction is large enough, so that there is no sliding, the dynamic equilibrium conditions for the moments about the points A and B give the following equations of motion for the rigid body, which are also known from the literature [1] to [5] :
Or as a single equation:
The term sgn(φ) denotes the signum-function:
For a homogeneous rectangular block
When the condition
is satisfied, rocking motion is not initiated and the body remains at rest. For φ > α the body will overturn if there is no restoring moment from the horizontal earthquake acceleration. In the case of pure rocking the Equations (1) or (2) give the motion before and after the impact. These equations are coupled by the angular velocities immediately before and after the impact. Housner [1] has derived a model to calculate the angular velocity of the rigid body after the impact and the energy dissipation during the impact. The model uses the following assumptions:
• The body and the base are rigid.
• There is no bouncing or complete lifting off of the body.
• The impact is a point impact (point contact).
• The time interval of the impact is very short.
• The body remains at the same position during the impact time.
Under these assumptions the principle of conservation of angular momentum immediately before and after the impact gives the following equation for the rigid body:
(φ̇( −) -angular velocity before the impact, φ̇( +) -angular velocity after the impact)
From this follows the simple relation:
The value r denotes the coefficient of restitution in literature. Combining the Equations (1) or (2) and Equation (5) it is possible to solve the problem piecewise numerically. For the ratio of the kinetic energy before W k − and after the impact W k + follows using (5):
Since r < 1 the impacts have to be inelastic. During the impact kinetic energy is dissipated mainly by energy radiation into the foundation. Other possible mechanisms for dissipation are plasticity and friction. Equation (5) gives the maximum value for the coefficient of restitution for which a rigid body will undergo rocking motion. For α = arcsin �2 3 ⁄ ≈ 54.74° and therefore b h ⁄ = √2 the body stays in rest after the first impact. It is noted that the value of r according to the Equation (5) and consequently the energy dissipation according to (6) depends only on the geometry and mass distribution of the body. Since this also applies to the equations of motion the rocking of a rigid body (on a rigid base) is completely determined by the geometry and the accelerations. For a (homogeneous) rectangular block the height h and the width b are the important geometrical parameters.
For the case of a free rocking motion after an initial angular displacement φ 0 of the rigid body follows from (1):
For the angular velocity after the nth impact a simple consideration of the potential and kinetic energy gives the following equation: φ̇n = rφ̇n −1 with φ̇0 2 = 2mgR I {cos(α − φ 0 ) − cos α} and n = 1, 2, …
The kinetic energy W k n after the nth impact has the value:
(φ̇0 from the Equation (8)
For small angles (α − φ) ≪ 1 (slender bodies) it is possible to linearize the Equations (7) by using the well-known approximations sin(α − φ) ≈ α − φ and cos(α − φ) ≈ 1 and to solve the obtained equation analytically:
The angle φ 0 denotes the initial angular displacement (or initial rotation). This solution can be used to calculate the time period T (the time for the first rocking cycle) as a function of the initial angle φ 0 :
Equation (11) can be used for an estimation of the natural frequencies of a rocking body.
The Equations (1) or (2) determine together with Equation (5) under the stated assumptions completely the rocking motion of a rigid body. For a rocking motion to take place after the impact, a significant part of the kinetic energy of the body (minimum of 51 % for a rectangular block with h b ⁄ = 2) has to be dissipated into the foundation during the impact. In other cases the body will perform complicated kinds of motion like bouncing or jumping. Further attempts to understand the impact and the motion after the impact are given in [9] , [10] , [16] and [21] . The Equations (1) or (2) were derived under the assumption that rocking and sliding motions do not occur at the same time. The equations of motion for a simultaneous occurrence of rocking and sliding motion are given in [2] , [10] , [19] and [22] .
NUMERICAL ANALYSES

Analysis methods
The numerical solution of the Equations (1) or (7) is done by using the (explicit) classical fourth-order Runge-Kutta method with a maximum time step of 0.001 s and an additional method for the accurate determination of the contact time. For every new time step the contact condition φ n • φ n+1 ≤ 0 (φ n -rotation of the current step, φ n+1 -rotation of the new step) is checked. In the case of contact, the time interval will decrease until the specified accuracy of the angle φ is reached. Because the Runge-Kutta method also provides the velocity for every time step, the velocity immediately before the impact φ̇( −) is given. The procedure is restarted with the initial conditions for the angular displacement φ(t c ) = 0 and the angular velocity φ̇( +) immediately after the impact according to Equation (5) , where the time t c denotes the contact time. For solving Equations (7) the velocity after the impact can be calculated by Equation (8) as well. A comparison of the numerically and analytically determined velocities shows an excellent agreement. For the case of no initial displacement, Equation (3) is used to test if the rocking motion can be initiated. The numerical solutions of Equations (1) or (7) will be mostly used as a reference (quoted as theoretical curve) for the further finite element analyses.
In most publications the authors developed (analytical) mechanical models to describe the motion of the rigid body and used numerical methods for the solution. There are only few works [23] to [26] on this issue using finite element (FE) analyses. FE analyses allow the consideration of elastic or plastic properties of the material, especially of the base. Additionally, the influence of geometrical parameters and their variations from the ideal geometry can be studied. By using infinite elements for the base it is also possible to take the radiation of energy in the foundation into account. Of particular interest is the influence of these parameters on the coefficient of restitution, which can be simply calculated from the ratio of the kinetic energies of two successive maxima. The FE analyses use the implicit code of the program Abaqus [27] . It is also of interest to determine if an implicit finite element program can be used to solve such problems. Because the impacts have the main influence on the further movement in most analyses, the excitation was done by an initial angular displacement φ 0 < α. After preliminary calculations a maximum time increment of 0.001 s and automatic time stepping will be used for all calculations from now on.
Analyses for initial displacements
The first FE analyses were done with the discrete and abstract FE model in Figure 2 using rigid R2D2 elements for the geometry of the body and SPRING1 (a spring between a node and ground) or DASHPOT1 (a dashpot between a node and ground) elements for the base. The value c denotes the spring stiffness and k the damping constant. With a high stiffness and no damping this FE model is very similar to the analytical model. The results for a rectangular block with an aspect ratio of 2 and a nearly rigid base with stiffness c = 2 • 10 16 N m ⁄ and without damping are shown in Figure  3 and 4. In addition, the curves resulting from Equation (7) for the best estimate coefficient of restitution r = 0.69 are given in the figures. The time history of the kinetic energy normalized to the maximum in Figure 3 shows as a result of the FE analyses that the block is bouncing and jumping multiple times during the impact. However, the theoretical curve from Equation (7) can be considered as a global approximation of the time history obtained by the FE analysis. In spite of the multiple bouncing and jumping during the impacts, the differences between the theoretical and the FE curves for the relative angular displacements φ α ⁄ are relatively small. . There is no bouncing or jumping with these values for the parameters c and k. Other combinations of c (especially large c) and k often produce bouncing and/or jumping. The comparison between the curves of the FE analysis and those from Equation (7) show a very good agreement. The curves resulting from Equation (7) for the best estimate coefficient of restitution r = 0.7 are also given in the figures. The coefficient of restitution of 0.7 is identical with the value from Equation (5) but decreases slightly from 0.7 to 0.69. A problem is the determination of the real stiffness and damping of the ground. In the analytical but also in the FE model in Figure 2 the rotation point changes immediately (or in a very short time) and discontinuously from one corner point to the other. To simulate a continuous transition of the rotation centre from corner to corner, the model in Figure 7 with a curved contact line is investigated. The curvature may be considered as a very small deviation from the ideal straight line geometry. Figures 8 and 9 show the time histories of the normalized kinetic energy and the relative angular displacement for a block with an aspect ratio of 2 for three different radii. With the radii used, the deviations between the two bottom corner points of the block and the ideal geometry of the rectangular block are only 0.1 mm, 0.5 mm und 1.0 mm, respectively. Despite the very small deviation from the ideal geometry (in respect to the width of the block of 2 m only 0.05 ‰ to 0.5 ‰), the differences between the curves are very large. In all cases with the exception of the reference (0.0 mm) the coefficients of restitution are significantly greater than the value from Equation (5) and reach a maximum value of about 0.95. It is remarkable, that for a deviation of only 0.1 mm the coefficient for the first impact is already 0.9. Although the considered deviations are idealized, the obtained results show that very small geometrical deviations produce significantly larger coefficients of restitution and therefore different curves.
The previous models are not classical FE models because they use rigid bodies and have no real stiffness. Therefore, in the next step, the plane FE model in Figure 10 with CPS4 and CINPS4 elements (plane stress elements) is considered. The block is rigid by using the 'rigid body'-constraints in the FE model. In the regions of the contact points the mesh is refined. For the base one row of the infinite elements CINSP4 is used. These elements do not reflect elastic waves on the boundaries of the model. Without the thereby resulting radiation of energy into the foundation, the impact will excite elastic base vibrations, which especially without additional damping influence the impact. For comparison with the other models the first calculations were performed with a relative stiff base (modulus of elasticity E = 1000 GPa, density 7800 kg/m³). Figures 11  and 12 show the results obtained for a block with h/b = 2 and a mass of 124.8 t (similar to a typical storage cask). During the first impact a slight bouncing and jumping occurs. There is a very good agreement between the theoretical (numerical integration of Equations (1)) and the FE results, if a coefficient of restitution of 0.75 is used instead of the theoretical value 0.7 according to Equation (5). There is a very good agreement between the theoretical and the FE results in both figures if the coefficients of restitution stated in the figures are used instead of the theoretical value 0.7. The differences between the two best estimate coefficients in the figures 0.77 and 0.775 are very small, but again significantly larger than the theoretical value. In the range below 10 % of the maximum kinetic energy and therefore for small amplitudes, the agreement between the two curves becomes lower, which may indicate a dependence of the coefficient on the amplitude. Because of the small values of the kinetic energy this question cannot be resolved completely.
In many cases anti-slip pads are used to prevent sliding. To investigate the effect of such a pad on the motion, the model is modified by a 1 cm thick mat between the body and the base. The material of the pad is assumed to be elastic with a modulus of 50 MPa (density 1200 kg/m³, Poisson ratio 0.49). There is no bouncing and jumping, but because of the low horizontal stiffness a horizontal oscillation of the rotation point occurs at large deflections in addition to the rocking motion. The results are shown in Figures 17 and 18 . The coefficient of restitution reaches values around 0.9 and varies in some cases from impact to impact. The initial impact is done after 3.05 s, in difference to the approximate 3.69 s for all other models. The curves in Figure 17 und 18 can no longer be described using Equation (1) or (2). Additional FE analyses with 3D models give similar results and dependencies, so there is no reason for an additional presentation of these results. These models will be used for future studies under multiaxial excitation.
Analyses with dynamic excitations
The dynamic response of the body does not only depend on the geometric parameters and the coefficient of restitution but also on the type and strength of the excitation. Therefore, the excitation is further investigated. Because the previous studies have shown a very good agreement between the numerical solutions of Equation (1) with the best estimate coefficient of restitution (calculated by FE analyses) and FE analyses, most calculations are performed by using the numerical integration of the equations of motion.
In the first case, the block is excited by sine, triangle or rectangle vibrations with an ampli-tude of 1 g (about 9.81 m/s²) and a frequency of 1 Hz. The results obtained for the block with h/b = 2 using a coefficient of restitution of 0.7 and 0.85 are shown in Figures 19 and 20 . As expected, the largest displacements are caused by rectangle vibrations. The maximum rotation is usually found during the first four impacts. It is remarkable, that in the case of an excitation with rectangle vibrations and using the conservative coefficient of restitution of 0.8, the amplitudes will increase significantly over time until overturning. For a verification of the results, some FE analyses with the model in Figure 10 with h/b = 2 (mass 124.6 t) on an elastic base (E = 200 GPa, density 7800 kg/m³) have been performed. The curves in Figure 21 confirm the previous statements about the very good agreement between theoretical and FE results. Figure  22 illustrates the dependency of the maximum rotation at an excitation using sine or rectangle vibrations. For a assumed sine oscillation of the block the dependency of the maximum amplitude φ max on the frequency f is given by the relation φ max~1 f Because the previous studies investigate only pure rocking motions, now the transition between rocking and sliding motion will be shortly considered. For the FE analyses the model in Figure 10 (h/b = 2, mass 124.6 t, E = 200 GPa, density 7800 kg/m³) is used. The results for coefficients of friction µ between 0.1 und 1.0 show that for µ = 0.6 the block performs a (nearly) pure rocking motion. For µ = 0.55 it is a combined rocking and sliding motion with an amplitude of about 68 mm. For µ = 0.5 the amplitude of sliding amounts to about 300 mm. For µ = 0.45 the block performs a pure sliding motion with an amplitude of about 390 mm. The motion is very sensitive to small changes of the geometry of the base.
CONVENTIONAL AND NUCLEAR RULES
The European standards EN 1990 [33] and EN 1998 [34] and the US standard ASCE 7-10 [30] give design criteria for rocking and sliding of structures in non-nuclear facilities. For nuclear facilities the US standard ASCE/SEI 43-05 [29] and the German KTA 2201.1 [35] and KTA 2201.4 [36] provide guidance for analysis of rocking and sliding. The easiest way to show that a body will not tip over is to show that the resultant force due to gravity and the seismic accelerations is within the grey area of Figure 27 . This criterion prevents rocking. It is used by all the standards mentioned above except the standard ASCE/SEI 43-05. In order to see how large the safety factors are, Table 2 shows how the dead load component is determined for the different standards. The value of the vertical seismic acceleration is also given. 30 % of the vertical seismic acceleration, which can be assumed to be twothirds of the horizontal seismic acceleration Standard ASCE/SEI 43-05 gives an approximate method for the determination of the best estimate rocking angle ϕ max for given spectral accelerations. How these formulas were derived is mentioned in Appendix B.2 of the standard. The main idea is to reduce the nonlinear system to a linear system, where the body rotates around its corner and is restraint by a linear torsion spring (see Figure 28) . The spring's torsion coefficient K t is determined in such a way that at the maximum rocking angle φ max the energy of the spring equals the potential energy of the φ max inclined body. With these assumptions, the governing equation is that of the wellknown single degree of freedom system: As defined in Table 1 , (a v + g) denotes the vertical seismic acceleration. With this model it is possible to use given design spectra of an earthquake for the determination of φ max . The rotation due to the vertical and horizontal earthquake acceleration is combined by the square root of the sum of the squares (SRSS). The damping factor of the spectrum is based on the coefficient of restitution. The equivalent viscous damping is derived in such a way, that the energy loss per cycle of the free oscillating linear system of Figure 28 equals that of the system in Figure 1 and Equation (5) . For a homogeneous rectangular block with h/b = 2 the damping factor D is 11.3 %. The rotations are best estimate values and the maximum rocking angle has to be multiplied by a safety factor of 2.0. Because the real system is simplified by this method, the question arises, if this method is sufficiently proven for all types of bodies. Figure 29 shows the allowable peak ground acceleration (PGA) according to ASCE/ SEI 43-05 using a spectrum which is given in EN 1998. For the given geometry the safety factor of 2.0 applied to the deformation results in a much smaller safety factor regarding the allowable PGA. The allowable PGA according to the ASCE/SEI 43-05 is 4.1 times higher than that derived from a static evaluation according to Table 2 using the Eurocode procedure. The U.S. Nuclear Regulatory Commission (NRC) published a presentation [23] where Table 3 is shown. It summarizes the results of different time history analyses using the FE code Abaqus explicit and compares it to ASCE/SEI 43-05 results. The rocking body is a cylindrical cask. ASCE/SEI 43-05 predicts much smaller angles φ max . A cylindrical body may roll around its edge, which leads to less energy dissipation.
According to [37] a new revision of the standard ASCE 4-98 is planned to provide guidance for analysis of rocking and sliding of unanchored bodies subjected to seismic load based on ASCE/SEI 43-05. Up to now it has not been published.
All mentioned codes above except ASCE/SEI 43-05 prevent sliding by checking that the horizontal force divided by the resultant vertical force is less than the existing friction coefficient. The ASCE/SEI 43-05 in Appendix A.1 provides a procedure for computing a best estimate sliding distance. This procedure needs the spectrum and the coefficient of sliding at the 95 % exceedance level as input data. The procedure is stated as conservative and the result shall be increased by a safety factor of 2.0. The safety factor 3.0 is necessary for best estimate sliding distances derived from time history analyses (mean value of at least five time histories). Figure 30 shows test results of the steel/concrete coefficient of friction.
SUMMARY
The rocking motion of unanchored bodies under seismic excitation was investigated by numerical integration of the equations of motion and with the Finite Element Method. For numerical integration the classical fourth-order Runge-Kutta method and for the finite element analyses the programs Abaqus (implicit code) were used.
An important part of the investigations is the calculation of the coefficient of restitution with FE analyses. The results obtained from calculations for a rectangular block with an aspect ratio of 2 for models with geometric variations, different contact conditions and different properties of the base result in the following conclusions for the case of an initial angular displacement:
• Rigid FE models without additional damping are not suitable because they produce an unrealistic bouncing and jumping. For 2D or 3D FE models the usage of infinite elements is recommended.
• In most cases the agreement between results from FE analyses and the numerical integration of the equations of motion is very good, if the coefficients of restitution are based on best estimate values from FE analyses.
• All variations from the ideal geometry and contact conditions cause larger coefficients of restitution in comparison to the theoretical value 0.7 of the Housner model. The consideration of plasticity gives higher values as in the elastic case. The maximum values for the coefficients are about 0.9. It is recommended to use a value of at least 0.8 for theoretical calculations.
• Some investigations show a dependence of the coefficients of restitution on the amplitude.
• Anti-slip mats lead to greater coefficients of restitution and shorter rocking periods. The usage can only be recommended if the body is compact and overturning not a problem.
The dynamic investigations consider an excitation by sine, triangle or rectangle vibrations and time histories from earthquake ground accelerations. The calculations for a rectangular block with an aspect ratio of 2 result in the following conclusions:
• The agreement between results from FE analyses and the numerical integration of the equations of motion is very good if the coefficients of restitution are based on the FE analyses.
• Because of the possible dependence of the coefficients of restitution on the amplitude additional calculations with 2D or 3D FE models are recommended. In the case of a horizontal and vertical excitation 2D models provide a good accuracy.
• Calculations for coefficients of friction between 0.1 und 1.0 show, that for values below 0.45 the block performs a pure sliding motion. For 0.5 to 0.55 it is a combined rocking and sliding motion. The motion is very sensitive to small changes of the geometry of the base or the body.
• Because of the large variations of the results the investigation of a large number of time histories is recommended.
Additionally, it will be noted that implicit FE programs are suitable to study the rocking and sliding problem.
All investigated codes prevent rocking by the requirement that the overturning moment at the base is less than the resisting moment due to dead load minus the vertical seismic acceleration. Sliding is prevented by checking that the required coefficient of friction is smaller than the existing one. From the mechanical point of view the mentioned rocking proof of the codes is correct and needs no assumptions. It is a lower bond value. The standard ASCE/SEI 43-05 provides a procedure for the determination of a best estimate rocking angle due to seismic accelerations beyond the lower bond value. By linearizing the highly nonlinear phenomenon it is possible to use design spectra. There are no restrictions with regard to the type of body. The question if the procedure of ASCE/SEI 43-05 is sufficiently conservative for all geometries of rigid bodies cannot be answered. Based on our own investigations and those of the U.S. Nuclear Regulatory Commission there are doubts.
